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Abstract
We study the TE polarized electromagnetic surface wave propagating along the interface between materials with
positive and negative magnetic permeability. Contrary to the TM polarized surface wave, the TE surface wave exhibits
almost no radiation losses when scattered at semi-infinite dielectric interfaces.
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1. Introduction
Electromagnetic surface waves (SW) [1] provides
us with new possibilities of engineering photonic de-
vices and optical applications. Due to their purely two-
dimensional character of propagation they are predeter-
mined to be used in the field of planar optics. The main
constrain in the application of electromagnetic surface
waves are radiation losses due to the scattering of the
wave at surface inhomogeneities. The transmission of
the surface plasmon through a single permittivity step
[2, 3] might be accompanied with the excitation of the
broad spectra of plane waves. The surface wave can
lose more than 40% of its energy. This instability of
the surface wave represents a strong constrain in the de-
velopment of a surface wave optics since constructing
optical devices based on multiple interfaces is rather in-
effective.
The TM surface waves are excited at the metal -
dielectric interface, where the dielectric permittivity ǫ
changes its sign [5, 6]. The construction of new meta-
materials with negative magnetic permeability [7] opens
a possibility to study also TE surface waves [8, 6]. In
this letter, we show that radiation losses due to the prop-
agation of the TE waves at the surface of negative per-
meability material are three orders of magnitude smaller
than that for the TM wave at the metal-dielectric sur-
face.
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2. TE polarized surface plasmon polariton
The TE polarized SW propagates along the interface
of the negative-permeability material (NPM), located in
the xy plane and decreases exponentially in the z direc-
tion as exp(−κdz) for z > 0 (dielectric) and exp(+κmz)
for z < 0 (NPM). The dispersion relation for the TE SW
is
κd
µd
+
κm
µm
= 0. (1)
An explicit form of the components of wave vectors
read
κ2d = k
2
0µ
2
d
ǫdµm − ǫmµd
µ2m − µ
2
d
, κ2m =
µ2m
µ2d
κ2d, k
2
‖ =
µm
µd
κ2d. (2)
Here, k0 = ω/c and ~k‖ = (kx, ky) is the projection of the
wave vector ~k into the (xy) plane. Field components of
the surface wave are
~e = N0e
−κdz
(
−ky
k‖ ,
kx
k‖ , 0
)
f (x, y)
~h = N0k0z0 e
−κdz
(
−
kxkz
k‖ ,−
kykz
k‖ , k‖
)
f (x, y)
 z ≥ 0
~e = N0e
κmz
(
−ky
k‖ ,
kx
k‖ , 0
)
f (x, y)
~h = N0k0z0µm e
κmz
(
−
kxkz
k‖ ,−
kykz
k‖ , k‖
)
f (x, y)
 z < 0, (3)
where f (x, y) = ei(kx x+kyy) and z0 =
√
µ0/ǫ0. The normal-
ization coefficientN0 will be specified later. In what fol-
lows, we consider the permeability of dielectrics µd ≡ 1,
and frequency dependent permeability of NPM, µm =
µ2(ω).
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Consider now the NPM covered by two different di-
electrics. The interface between the two dielectrics is
located in the x = 0 plane, and creates the permittivity
step: ǫd(x) = ǫ1 (x < 0) and = ǫ2 (x > 0). Our aim is
to calculate the transmission and reflection coefficients
of the TE SW propagating through this permittivity dis-
continuity.
To compare the obtained data with those for the
TM SW at the metal-dielectric interface, we consider
the lossles Drude formula for the permittivity of metal
ǫmetal(ω) = 1 − ω2p/ω2 and the same dispersion relation
for the permeability of NPM:
µm(ω) = 1 −
ω20
ω2
(4)
with ω0 = ωp. Also, we assume µmetal = 1 (non-
magnetic) and ǫNPM = 1 for our NPM. This choice of
parameters give us clear confrontation between behav-
ior of the TM and TE SW on the surface of metal and
of NPM. The exact form of the frequency dependence
is not important since only single frequency ω will be
considered.
3. The method
For the calculation of the scattering parameters we
apply a modified method of Oulton et al. [3] based
on the scattering matrix approach. The details of the
method are given elsewhere [4]. The surface wave
is coming from the left and scatters on the inter-
face between the two dielectrics. Owing to the non-
homogeneous z dependence of electric and magnetic
field of the surface wave, the matching of the tangen-
tial components of the fields at the x = 0 interface is
possible only with the assistance of plane waves. We
consider N plane waves with the same frequency ω and
different z components of the wave vector kz = kmaxα,
α = 1, . . .N. The continuity equations for the y compo-
nent of electric and z component of magnetic field are
(Ai0 + Ai0)ei + ∑Nα [Aα + Aα]Eiα
= (A j0 + A j0)e2 +∑Nα [A jα + A jα]E jα,
(Ai0 − Ai0)hi + ∑Nα [Aα − Aα]Hiα
= (A j0 − A j0)h j +∑Nα [A jα − A jα]H jα.
(5)
Indices i, j = 1, 2 correspond to the dielectric medium.
A and A are the amplitudes of the wave propagating to
the left (right) in the first media. Index 0 indicates SW.
The explicit form of the y-component of the electric and
z-component of the magnetic fields is
Eiα = Niα
kx,iα
k‖α
×

[
−e−ikzαz + riαe
ikzαz
]
z > 0[
−tiαe−ikzmiαz
]
z < 0,
(6)
and
H jα =
N jα
z0k0
k‖α ×

[
−e−ikz jαz + r jαeikz jαz
]
z > 0[
−t jαe−ikzm jαz
]
/µm z < 0.
(7)
tiα = (1 − riα) and riα = (kzmiα − kzαµm)/(kzmiα + kziαµm)
are transmission and reflection amplitudes for the plane
wave α incident at the interface of ith dielectric and
NPM.
In what follows, we use the matrix
Ci j
αβ
=
∫ ∞
−∞
EiαH jβdydz. (8)
The requirement Ciiαβ = δαβ determines the normaliza-
tion constants Niα. With the use of integrals (8) we
rewrite (5) to the system of linear equations
A2 + A2 =
[
A1 + A1
]
CT ,
A1 − A1 =
[
A2 − A2
]
C,
(9)
which can be rewritten into the form(
A2
¯A1
)
= S
(
¯A2
A1
)
=
(
S 11 S 12
S 21 S 22
) (
¯A2
A1
)
. (10)
The matrix S is a 2(N + 1) × 2(N + 1) scattering ma-
trix. The transmission and reflection coefficients for the
SW incident from left media are T = |S 12(0, 0)|2 and
R = |S 22(0, 0)|2. The radiation losses are given by the
relation S =
∑′
α
(
|S 12(α, 0)|2 + |S 22(α, 0)|2
)
where the
summation is over all plane waves with real component
kx. Typically N = 100 − 200 plane waves are used in
our analysis.
4. Results
4.1. Transmission, reflection and Scattering losses
Figure 1 shows the transmission and the reflection co-
efficients for the TE surface wave. The permeability
of the NPM is µm = −17.9. As expected, the trans-
mission decreases and the reflection rises with increas-
ing permittivity step between dielectric media. Radia-
tive losses S are negligibly small, S ∼ 10−4, even for
ǫ2/ǫ1 = 10. This is in contrast with similar data for the
TM surface wave propagating along the metal dielectric
interface [3, 4] shown in Fig. 2. The permittivity of
metal is ǫmetal = −17.9. We see that scattering losses are
10−3 × smaller for the TE wave than for the TM one.
4.2. Continuity of fields at the interface
To test the accuracy of the method, we plot in Fig. 3
tangential components of electric, and magnetic, fields,
given by Eqs.(5), along the x = 0 plane on both sides of
the interface for the permittivity step ǫ2/ǫ1 = 5. As can
be seen, both fields are well matched on the interface.
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Figure 1: Transmission T , reflection R and scattering losses S for the
TE polarized surface waves propagating along the NPM surface The
negative permeability µNPM = −17.9. Inset shows radiative losses S .
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Figure 2: Transmission T , reflection R and scattering losses S as a
function of permittivity step ǫ2/ǫ1 for the TM polarized surface waves
propagating at the metal-dielectric interface. The permittivity of metal
ǫmetal = −17.9.
4.3. Oblique angle incidence
In Fig. 4 we plot the dependence of the transmis-
sion, reflection and scattering losses on the angle of inci-
dence. The refraction angle follows the modified Snell’s
law for TE polarized surface plasmons, which for our
simple case has form
sin θ2 = sin θ1
√
µǫ2 − 1
µǫ1 − 1
. (11)
The frequency dependence of the refraction angle θ2,
given by the permittivity µm(ω). shifts θ2 (compared
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Figure 3: The test of the continuity of the electric (top) and magnetic
(bottom) fields along the interface x = 0. Permittivity step ǫ2/ǫ1 = 5.
κd1 is given by Eq. (2).
to the plane waves’ refraction angle between similar di-
electric media) to lower values for the SW incident from
lower permittivity medium. Also, for SW incident from
the media with higher permittivity, the critical angle for
the surface waves is larger than that for the plane wave.
Top panel of Fig. 4 shows the case for the incidence
from optically less dense medium. As is expected, with
the increasing angle of the incidence the transmission
monotonously decreases and more significant part of the
energy is reflected in the form of surface wave. The
scattering losses are negligible for the entire interval of
incident angles. Bottom panel shows the scattering of
the surface wave incident from the medium with higher
permittivity. The transmission vanishes when approach-
ing the critical angle given by (11) for sin θ2 = 1. Nat-
urally, reflection must increase to one, as passing the
critical angle.
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Figure 4: Transmission, reflection and scattering losses for the TE
surface wave as a function of angle of incidence at the interface with
ǫ1 = 1, ǫ2 = 6. Top: surface wave is incident from medium with
lower permittivity bottom: surface wave incident from medium with
higher permittivity. ω = 0.23ωp. Dot-dashed line marks critical angle
for planar waves incident on interface between similar dielectrics and
dashed line represents actual critical angle for the surface wave.
4.4. Spatial distribution of the fields
As discussed above, the propagation of a surface
wave through the interface is always accompanied by
the radiation of plane waves. The plane waves are nec-
essary to balance the inhomogeneous electric and mag-
netic fields of the surface waves. To explain the origin of
extremely small radiation losses of the TE surface wave,
we plot in Fig. 5 the components of the wave vector for
both TM and TE surface waves. The main difference
between the two waves lies in the permittivity depen-
dence of κd. Contrary to the TM wave, we find that κd
depends only weakly on the dielectric permittivity for
the TE wave. Consequently, weak radiative fields are
sufficient to correct the field discontinuity on both sides
of the x = 0 interface, so that radiative losses are small.
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Figure 5: Components of the wave vectors for the TE wave, given
by Eq. (2), as a function of the dielectric permittivity step. Data are
compared with the TM wave with he same value of the parallel com-
ponent k‖ . For the TE wave, we see that the κ1 component depends
only slightly on the permittivity of the upper media. Components of
wave vectors are expressed in units of k0 = ω/c
5. Conclusion
We analyzed the propagation of the TE polarized sur-
face wave along the negative permeability metamate-
rial surface and calculated the transmission, reflection
and radiative losses due to the scattering of the surface
wave at an interface between two dielectrics covering
the metamaterial. The most important result is that the
radiative losses due to the scattering are much smaller
than that for the TM surface wave propagating along the
metal-dielectric interface. Therefore, the TE polarized
surface wave is a very good candidate for applications
in the two-dimensional optics.
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